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ABSTRACT. In this paper we introduced Smarandache - 2 - algebraic structure of R- 
Module namely Smarandache - R - Module. A Smarandache - 2 - algebraic structure 
on a set N means a weak algebraic structure Ap on N such that there exist a proper 
subset M of N, which is embedded with a stronger algebraic structure A;, stronger 
algebraic structure means satisfying more axioms, by proper subset one understands 
a subset from the empty set, from the unit element if any , from the whole set. We 
define Smarandache - R - Module and obtain some of its characterization through 
S - algebra and Morita context. For basic concept we refer to Raul Padilla. 


1. PRELIMINARIES 


Definition 1.1. Let S be any field. An S-algebra A is an (R,R) - bimodule together 
with module morphisms : yp: A A®rgA— A andy: R—- A called multiplication 


and unit linear maps respectively , such that 


A@pA@p A 844s A@p AS A with po (u@ 14) = p0 (14 @ ps) and 


R Bas A@R AS A with po (7 @ 1a) = 0 (14 @n) 


Definition 1.2. Let A and B be S - algebras. Then f : A > B is an S - algebra 
homomorphism if we(f @ f)fopus and fons, = np 
Definition 1.3. Let S be a commutative field 1p and A an S - algebra M is said to 


be a left A - module. 
If for a natural map 7: A@pM S M, we have 70 (14 @m) = 70 (pu @ ly) 


Definition 1.4. Let S be a commutative field . An S coalgebra is an (R,R) - bimodule 
C, with R - linear maps 

A:C>4C@rC ande:C > R, called comultiplication and counit respectively 
such that 

C3 CapC 25 CarCe@rc 

with (lc ® A)oA=(A@ 1c) 0A and 

CSC eRC EES R with (lp @e)OA=1p =(A@Ble)oA 


Definition 1.5. Let C and D be S - coalgebras . A coalgebra morphism f : C > D 
is a module morphism satisfies Ap o f = (f ® f) 0 Ag and ep x f =e 
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Definition 1.6. Let A be an S - algebra and C an § - coalgebra . Then the convolution 
product is defined by 

f*xg=po(f @g)oA with lyomac.a) = 1° (1p) for all f,g € Hompe(C, A) with 
for all 


Definition 1.7. For a commutative field S an S - bialgebra B is an R - module 
which is an algebra (B, u,7) and a coalgebra (B, A,¢) such that A and « are algebra 
morphisms, or equivalently , 44 and 7 are coalgebra morphism 


Definition 1.8. Let R, S be fields M an (R,S) - bimodule.Then M* = Homp(M, R) 
is an(S, R) bimodule and for every left R - module L, There is a canonical module 
morphism. 

al’ : M* ®g L > Homp(M,L) 

defined by a! : (m* @1)(m) = m*(m)I for all m € M,m* € M* andl eé L. If a! 
is an isomorphism for each left R-module L. Then *Mg is called a Cauchy module. 


Definition 1.9. Let R,S be fields with multiplicative identities , M an ( S,R)- 
bimodule and N an (R,S) - bimodule. 

Then the six-tuple datum. K = [R,S,M,N,(,)r,(,)s] is said to be a Morita 
context if the maps (,)r : N @g M — R and (,)s : M @R N — S are bimodule 
morphisms satisfying the following associativity conditions : 

m'(n,m)p = (m,n)gm and (n,m)agn’ = n(m,n’')s,(,)pz and (,)g are called the 
Morita maps. 


2. CHARACTERISATION 


Definition 2.1. The Smarandache R - module is defined to be an R - module R 
such that if there exist a proper subset A is an S - algebra with respect to the same 
induced operations on R. 


Theorem 2.1. Let A be S-coalgebra and Cauchy R-module iff A* is an S-algebra 


Proof. Let us assume A* is an S-algebra. Now to prove that A is an S-coalgebra . 


we first check the counit conditions as follows. ¢: A ® A@RS aR A@®pA* Bae 
Next , We check comultiplication conditions as follows 

A: AZ ARS ORS 

cae A @r (A* @r A) Or A 

24640") (A @p A) On (A@pr A) 

*49R*, (A @n A) @p(A@p A)" 

tes. (A ®p A) @R A* 

=} (A @p A) @RA 

= A @QrA 

=A 
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= A is an S - coalgebra. 

Conversely , Let us assume A is an S - coalgebra. Now to prove that A* is an S - 
algebra . Now we first check the unit conditions as follows 

pe BE AG Ai ee A 

we check the multiplication conditions as follows A is a Cauchy module, We have 

A@rRAOR 


AX A@RAGRR , A@pn @pA* > R@pA* > A 
2 Ag A 24 At we A = ROgAT A? 


= A* is an S - algebra. 


la®nEndss 


Theorem 2.2. Let R be a R - module , if there exist a proper subset Ends(M)* 
of R Where S is a commutative field and M a Cauchy R - module. Then R is a 
smarandache R - module. 


Proof. Let us assume that R be a R - module. 

Now to prove that Ends(M)* is an S - coalgebra which satisfies multiplication and 
unit conditions as follows. 

be: Ends(M) &R Ends(M) —_> Ends(M) and 

n:R—- Ends(M), We first check the comultiplication as follows. 

A: Ends(M) © Ends(M)®p 2 Ends(M) ®p Ends(M) 

Next , we check the counit conditions as follows. 

é: Ends(M) & Ends(M) @rR 

eno", Ends(M) xp Ends(M) 

=; Homr(M, M) ®r Homp(M, M) 

<=", (M* @z M) @p (M* @p M) 

VUE ORS eR 

—>R 

= Ends(M) is an S - coalgebra. By theorem 2.1, Ends(M)* is an S - algebra . 

.. By definition R is an smarandacha - R - module. 


Theorem 2.3. Let R be a R - module , if there exist a proper subset M ®p M* of R 
Where M is a Cauchy R - module. Then R is a smarandache R-module. 


Proof. Now to prove that M ®p M* is an S - algebra . we check the multiplication 
and unit conditions as follows. 

je: (M @p M*) @p (M @p M*) —+ M @p (M* @p M) @p M* 

luym®lmu M Qr R®p M* 

1u®@vmM np M* 

As M is a Cauchy module , we have 

n:R— Ends(M) — M @p M* 
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=> M ®pR M* is an S - algebra. 
., By definition , R is an smarandache R - module. 


Theorem 2.4. Let R be a R - module, if there exist a proper subset the datum 
[R, M,N, (.)r] a morita contert (M@rN) of Ris aS - algebra let S be a commutative 
field and M, N are Cauchy R - modules. Then R is a smarandache - R- module. 
Proof. Let us assume that R be a R-module. Now to prove that M ®pr N is an 
S-algebra. 

We have w: (M @RN) @R(M @RN) OM @R(N @RM) ORN 

17 @(,)®@1n M@pRORN 

—> M@rN 

Which shows that the multiplication condition is satisfied. Also, since M and N 
are Cauchy R - modules, there exist maps 

n: RY ROR late CESS (M* @p M) @r(N* @rN) 

es, (M* @r N*) @r(M Or N) 

SSIueN, (M @p N)* Op (M ON) 

—> R@r (M @r N) 

— (M @r N) 

=> M ®RN is an 5S - algebra. 

.. By definition , R is an smarandache R - module. 


Theorem 2.5. Let R be a R - module , if there exist a proper subset datum |R, M, N, (.) r] 
a morita context M @rN of Ris aS - coalgebra let S be a commutative field, M, N 
are Cauchy R - modules. Then R is a smarandache R - module. 


Proof. Let us assume that R be a R - module . 
Now to prove that (MV ®pr N) is an S - coalgebra. 
We have 


A:M @rN=(M @2N) Or (ROR R) 
Imen®nEnds(M)@nEnds(N) (u* ai M) Qr (N* Qr N) 
zuen®S., (M ®p N) ®R (M ®p N) ®R (M* ®r N*) 
eee (M ®p N) ®R (M @p N) ®R (M @rR N)* 
Aen SOF’ (M ON) @n(M @RN) OR 

<, (M ®z N) @p(M @p N) 

Also we have the counit condition as follows. 
e:M @gN &(M @pN)@p Ronen), 


(M @r N) @r (M* @r M) 
()R®@lu*em R@pM* @prM 
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=> M ®R N is an 8S - coalgebra. 

By theorem M ®p N is an S - algebra 

.. By definition , R is a smarandache R - module. 
Hence the proof. 


Theorem 2.6. Let R be a R - module, Let S be a commutative field and M, N Cauchy 
R - Modules then the datum [R, M,N, (.)r] a morita context iff R is a smarandache 
R - module where M ®p N is a S - bialgebra, a proper subset of R. 


Proof. Part I: We assume that M @®p N is aS - bialgebra, a proper subset of R. 

To prove that R is a smarandache R-module. 

By theorem, M ®r N is aS - algebra and M ®&pR N is a S- coalgebra. 

Hence M ®r N is aS - bialgebra. By definition, R is a smarandache R - module. 

Part II : We assume that R is a smarandache R - module. To prove that M @p N 
is aS - bialgebra. By known theorem assume that M @p WN is an S - bialgebra. Then 
we have the map. 

E=(.)rR:M@rNOR 

Associativity of the map ¢ = (.)r holds because the diagram 

M @pN)@rM — M@pr(N@RM) 

is commutative. Hence the datum |R, M, N, (.)r] is a Morita context. 

Hence the proof. 
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